Question: Is there such a thing as “adjusted means”?

Answer: Associations are adjusted whereas predicted values from a regression model are simply predicted values of the dependent variable for some values of the covariates.  They are not "adjusted for age", but predicted for some value of age (often, the mean age in the sample).

Question: Isn't the difference between these predicted means equal to the adjusted mean difference?"

Answer: Yes it is, but the adjusted mean difference (unlike a predicted mean) is a measure of association--hopefully a measure of effect.  You mention that predicted means were computed by using "the observed margins".  We don't have to use the observed margins for the covariate distribution (could use, for example, a balanced distribution for categorical variables or median for continuous).  In that case, we would still get the same adjusted mean difference--BUT DIFFERENT PREDICTED MEANS.  The predicted values are arbitrary numbers.

This terminology actually goes back to the very basic idea of standardization (such as age standardization).  I used to talk about "age-adjusted rate", but I now think that it is more accurate to say "predicted rate" (predicted for some arbitrary standard population which has a certain age distribution.)  From those predicted rates we can compute age-adjusted rate difference or age-adjusted rate ratio.  (There is even deeper conundrum here with respect to standardization--perhaps for another time.)

